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(The Real Line Tyqyq���  �d�±� X�) Tyqyq���  �d�°� ¨Fdnh�� �y�mt�� .1
CAt��  �� ��Ð¤ (�yqts� X� ©�) �yqts� X� ªAqn� Tyqyq���  �d�±� �y�m� Annkm§
��m� �� ,d��w�� ��m� «r�� TWq�¤ (�}±� TWq� Ahyms�)rfO�� ��m� TWq� X��� Yl�
(«r�� ª¤rJ¤) CAyt�¯� �@¡ �Z ¨� ¢�� �Ab�� �kmm�� �� .X��� ªAq� ¨�Ab�  �d�±� Tyq�
Tflt�m��  �d�±� ��m� �y�� X��� Yl� TWqn� ¨qyq�  d� �� �y�mt� ­dy�¤ Tq§rV d�w�
�@¡ ��d�tFA� .Ayqyq� � d� ��m� X��� Yl� TWq� �� :Hk`�A� Hk`��¤ .Tflt�� ªAqn�
Tql`tm�� Q�w��� ��@�A�¤ ,©rO� �kK� Tyqyq���  �d�±� Q�w� xCd�  � Annkm§ �y�mt��
A¡A�rV ¨t�� Tmyqtsm�� T`Wq�� ªAqn� ��m� x, y �§ d� �y� �q� ¨t��  �d�±�  � Ð� ,	y�rt�A�

. x, y �  Atl�mm��  AtWqn�� Am¡

(Operations on R) R Yl� T�r`m�� �Aylm`�� .2
,
rS�� Tylm� ¤ �m��� Tylm� : �yyqyq� �§ d� ©±  At�r`�  AtyFAF�  Atylm� �An¡

: TyFAF� Q�w� ­d� Amh� Tyqyq���  �d�±� Yl� 
rS��¤ �m��� ¨tylm�
,(?��Ð Yn`� r�@� �¡)  Aty��d��  Atylm� Amh�

,(©z�C �kK� Yn`m�� 	t��)  Aty�A� �  Atylm� Am¡¤
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d§A�m�� rOn`�� w¡ d��w��¤ �m�l� d§A�m�� rOn`�� w¡ rfO�� ;d§A�� rOn� Amhn� �k�¤
,
rSl�

, d`�� 	�AF Yms§ ,¨`m� xwk`� ¢� ¨qyq�  d� ��
, d`�� 
wlq� Yms§ ,¨�rR xwk`� ¢� rfO�� �d�A� ¨qyq�  d� ��¤

.�m��� Yl� �Ewt� 
rS�� Tylm�  �� ,�ry��¤
�wq�  �� ­rOt�� ­d��¤ ­CAb� ¨� r�@� Q�w��� £@¡

.¾®q� �iÄwk� 
rS��¤ �m��� ¨tylm� �� Tyqyq���  �d�±�  �

��¤ � Am�C¤) 
rS��¤ �m��� ��d�tFA� �t§ Ahf§r`�  � d�ns� «r�±� �Aylm`�� A��
z  d`�� w¡ x �� y �rV ¨�A�  � �wq�  �� �m��� ��d�tFA� �rW�� �r`� ®�m� ,(«r��

:T§z�C Tq§rW� ¤� ,x �t�� y Yl� £An`m�  � ©@��

z = x− y ⇐⇒ y + z = x, x, y, z ∈ R.


sy� r�� ¨qyq�  d� Yl� ¨qyq�  d� Tms� Tylm�  � ©� ,Ty¶z� Tylm� ¨¡ Tmsq�� Tylm�
¯ y  A� �Ð� Xq�¤ �Ð� y  d� Yl� x ¨qyq�  d� �sq�  � �yWts� : d§d�t�A� .T�r`� ¾Am¶� 
¨�¤ .Tnkm� ry� ¨�At�A�¤ T�r`� ry� rfO�� Yl� Tmsq��  � ¾Am¶� r�@t� .rfO�� ©¤As§
 � ©@�� t ¨qyq���  d`�� w¡ y Yl� x Tms� �CA�  �� rfO�� ©¤As§ ¯ y  A� �Ð� A� T�A�
Tq§rW�¤ .
rS�� Tylm� ��d�tFA� �r`� Tmsq�� Tylm�  � ©� .x ��An��  A� y ¨� £An�rR

T§z�C
t = x/y ⇐⇒ y.t = x, x, y, t ∈ R, y 6= 0.

¨qyq�  d� ©°� ,Crkt� 
rR �� ­CAb� ¨¡¤ ,	�w� �y�} x± ��r�� Tylm� AS§� �An¡
 wk§ n 	�w� �y�}  d� ©±¤ x

xn =

­r� n︷ ︸︸ ︷
x . x · · · x .

��d�tFA� �aÄr`u§ 	�AF �y�} x± ��r�� ,x 6= 0 ¨qyq�  d� ©± x0 = 1  � �r`� Am�
. x 6= 0 ©± x−n = 1/xn, n ∈ N �Sn� (¨�rS�� xwk`m�� ¤�) Tmsq��

T�r`m� ¢y� �At�� A¾dyq`� r��� �wRw� wh� �y�} ry� x� Y�� ��r�� �wRw� A��
.TyF±� T��d��

Tyqyq���  �d�±� 	y�r� .3
©°� ,( > ) �� ��� 	y�rt�� T�®� ��d�tFA� Tyqyq���  �d�±� 	y�r� Annkm§ An�� �r`�
T�®� zymt�¤ .¯ �� y �� ��� x  A� �Ð� A� ��s�  ± Yn`� �Anh� x, y �yyqyq� �§ d�

:T�A¡ Q�w� T�®�� 	y�rt��
.Tqq�t� x = y ¤� y < x ¤� x < y �A�®`�� �� ­d��¤ (1)

.x = y ¤� y < x  wk§  � �y�tsm�� �� ¢��� x < y  A� �Ð� (2)
.x < z  �� y < z 
�A�¤ x < y  A� �Ð� (3)

:�yty}A�� 
rS��¤ �m��� ¨tylm`� 	y�rt�� Xb�r§¤
x + z < y + z  �� x < y  A� �Ð� (4)

x.z < y.z  �� ¾Ab�w� z  A�¤ x < y  A� �Ð� (5)
:  � �wq� 
rS��¤ �m��� ¨tylm� Q�w� Y�� Q�w��� £@¡ T�AR��

.¾Ab�r� ®q�  wk� 	y�rt�� T�®�¤ 
rS��¤ �m��� ¨tylm� �� Tyqyq���  �d�±�
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¤� �� ��� , ( > ) �� rb�� : �A�®`�� �� ©�� �� ��� T�®� �� {y`ts�  � �kmm�� ��
�� ��� T�®� ��d�tFA� �aÄr`� �A�®`�� £@¡¤ . ( ≥ ) ©¤As�¤� �� rb�� ¤� ( ≤ ) ©¤As�

:¨�At�� w�n�� Yl�
x > y ⇐⇒ y < x,

x ≤ y ⇐⇒ x < y ¤� x = y,

x ≥ y ⇐⇒ y < x ¤� x = y.

.�¾þ`� Aqq�t�  � Ew�§ ¯ x < y, x = y  At�®`��  � ^�¯
Ty�At�� �An§Abtm�� �¡r� :�§CAm�

∀x > 0 : x +
1

x
≥ 2, (1)

∀x, y ∈ R : (x + y)2 ≥ 4xy, (2)
,∀x, y > 0,∀n ∈ N∗, x < y ⇐⇒ xn < yn (3)

.?�¾þb�AF Am¡d�� ¤� ? Ab�AF Am¡®� x, y  A� w� �d�§ �ÐA�
,∀x, y > 0 : x < y =⇒ 1/x < 1/y (4)

.? Ab�AF Am¡®� x, y  A� w� �d�§ �ÐA�

(Some Subsets of R) R �� Ty¶z��� �A�wm�m�� {`� .4
 �d�±� �ym�¤ rfO�� ��  wkt�¤ , N z�r�A� Ah� z�r�¤ , Ty`ybW��  �d�±� T�wm��
�ym� ��  wkt�¤ , Z z�r�A� Ah� z�r�¤ , T�y�O��  �d�±� T�wm�� .Tb�wm�� T�y�O��
¤� Tybsn�� ¤�) TyFAyq��  �d�±� T�wm�� .rfO��¤ Tb�AF¤ Tb�w� ,T�y�O��  �d�±�
Aht�At� �km§ ¨t�� Tyqyq���  �d�±� �l� ¨¡¤ , Q z�r�A� Ah� z�r§ ¨t��¤ , (TqþaÌþWnum��

 � ^�®�¤ . R \Q ¨¡¤ , TyFAyq�� ry�  �d�±� T�wm�� .© Ayt�� rs� ­Cw} Yl�

N ⊂ Z ⊂ Q ⊂ R,

. A`VAqt� ¯ Amh��� ¨�At�A�¤ R ¨� Q Tlmk� ¨¡ R \Q  �¤
Ty�Am� �An¡¤ ,Tmyqts� T`Wq� ¾AyFdn¡ ��m§ Ty¶z��� �A�wm�m�� �� �w� ¨¡¤ :��rtf��

�r`� a ≤ b �y�� a, b ∈ R ©°� ,��rtf�� �� ��w��

[a, b] = {x ∈ R | a ≤ x ≤ b } :Tql�m�� ­rtf��
[a, b[ = {x ∈ R | a ≤ x < b } :Tql�m�� �O� ­rtf��
]a, b[ = {x ∈ R | a < x < b } :T�wtfm�� ­rtf��

]a, +∞[ = {x ∈ R | a < x < +∞} :Ty¶Ah�®�� T�wtfm�� ­rtf��
[a, +∞[ = {x ∈ R | a ≤ x < +∞} :Ty¶Ah�®�� Tql�m�� ­rtf��

.]−∞, b] ¤ ]−∞, b[ ¤ ]a, b] ��rtf�� �§r`� T�At� ¹CAql� �rtnF¤
:�§CAm�

¨t�� �A�wm�m�� ¨� �q� ¯ N,Z,Q,R �A�wm�m�� �� �� ¨� r}An`� Tl��� X�� (1)
.A¡CAs§ Yl�

?Tq�As�� �A�wm�m�� �� �� Yl� 
rS��¤ �m��� ¨tylm� Q�w� ¨¡ A� (2)
�§ d� ©� 
rR �}A�  �¤ .¨FAy�  d� w¡ �yyFAy� �§ d� ©� �wm��  � �¡r� (3)

.¨FAy�  d� w¡ �yyFAy�
.TyFAy� � �d�� Amh�rR �}A�¤ Amh�wm��  wk§ �y�� �yyFAy� ry� �§ d� d�¤� (4)

. ({√n |n ∈ N } \ N) ⊂ R \Q  � �¡r� (5)

(The Archimedean Property) T§dymJC±� Ty}A��� .5
 w�¤ �d� �Rw� Tyqyq���  �d�±� T�wm�m� T�A¡ Ty}A� ¨¡ T§dymJC±� Ty}A���
£@¡ �AO�¤ .�A§Ahn�� Yn`� r§rbt� T§�db�� ¨� rhZ �whf� w¡¤ ,r�O�� ¨� Ty¡Ant� �Aym�
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¨`ybV  d� d�w§ ¢��� x, y > 0 �yb�w� �yyqyq� �§ d� ©� AnyW�� �Ð� :¨�At�A� Ty}A���
. n.x > y �y�� n

:T§dymJC±� Ty}A��� �¶At� {`�

�� rb�� ¨qyq�  d� ©� d�w§ ¯ ¢�� d�� x = 1 T�A� ¨� T§dymJC±� Ty}A��� �ybWt� .(1)
.Ty`ybW��  �d�±� �ym�

�y�� n ∈ N d�w§ ¢�� d�� T§dymJC±� Ty}A��� �� ,	�w�  d� ©� h > 0 �ky� .(2)
¨t�� Cwsk�� �ym� �� r�}�  wk§  � �km§ ¯ h  � �@¡ Yn`� , 1n < h ¨�At�A�¤ ,n > 1

h

. 1n ­CwO�� Yl�

 � ^�®� ��Ð  Ayb� ,�y�}  d� ©wt��  � d�¯ ]a, b[ ­rtf��  �� b−a > 1  A� �Ð� .(3)
 �d�±� r�}� n0 @��� ,a < n : n T�y�}  �d��  w�¤ �mS� T§dymJC±� Ty}A���
{�An§ A� w¡¤ n0− 1 ≥ b− 1 > a  �� n0 ≥ b  A� �Ð� ,��Ð �q�� ¨t�� T�y�O��

.n0 < b  �� ¨�At�A�¤ n0 � A�CAyt��

 d�  w�¤ T§dymJC±� Ty}A��� An� �mS� ,x < y �y��  Ayqyq�  � d� x, y �ky� .(4)
�y�}  d� ©wt�� ]nx, ny[ ­rtf��  ± ��Ð © ¥§¤ ,n(y− x) > 1 �y�� n ¨`ybV

 � �tnts� ��Ð �� .d��w�� �� rb�� Ah�wV  ± m

nx < m < ny

 �� ¨�At�A�¤
x <

n

m
< y

.x, y �§ d`�� �y� ¨FAy�  d� �An¡  � ©�

(Bounded and ­ ¤d�m�� ry� �A�wm�m��¤ ­ ¤d�m�� �A�wm�m�� .6
Unbounded Sets)

: Tyqyq���  �d�±� �� T�wm�m� Tylfs��  ¤d���¤ T§wl`��  ¤d��� �§r`�
T�wm�ml� ©wl� d� x  � �wq� ¨qyq�  d� x �ky� ¤ , R �� Ty¶z� T�wm�� S �kt�

.S r}An� �� rOn� �� ©¤As§ ¤� �� rb�� x  A� �Ð� S

. wk§ ¯ ¤� S ¨� A¾rOn�  wk§  � �km§ x  � ^�¯
.Yl�� �� ­ ¤d�� Ah�� �wq� An��� ©wl� d� S T�wm�ml�  A� �Ð�

S T�wm�ml� ¨lfF d� w¡ x A¾ d�  � �wq� ,��m�A�
¨lfF d� S T�wm�ml�  A� �Ð�¤ .S r}An� �� rOn� �� ©¤As§ ¤� �� ��� x  A� �Ð�

.�fF� �� ­ ¤d�� S  � �wq� An���
­ ¤d�� ry� Ahnk� (	�AF  d� ©�� ¤� rfO�A�) �fF� �� ­ ¤d�� N T�wm�m��  � ^�¯
rb��  d� ©�� ¤� d��w�A�) Yl�� �� ­ ¤d�� ]−∞, 1[ T�wm�m�� Hk`�� Yl�¤ ,Yl�� ��

.�fF� �� ­ ¤d�� ry� Ahnk� (d��w�� ��
.�fF� ��¤ Yl�� �� ­ ¤d�� 
�A� �Ð� ­ ¤d�� S T�wm�m��  � �wq�

:�§CAm�
.­ ¤d�� ry� �A�wm�m�¤ ­ ¤d�� �A�wm�m� Tl��� X�� (1)

d� AS§� w¡ x �� rb��  d� ©�  �� , S T�wm�ml� A§wl� �d� x  A� �Ð� ¢�� �¡r� (2)
.T�wm�m�� Hfn� ©wl�

.[−1, 1[ T�wm�ml� ©wl� d� w¡ 1  � �¡r� (3)
.Yl�� �� ­ ¤d�� ry� {nπ |n ∈ N } T�wm�m��  � �¡r� (4)

. [0, 1[ ­rtfl� ¤ [0, 1] ­rtfl� T§wl`��  ¤d��� T�wm�� d�¤� (5)
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©¤As§ ¤� �� rb�� A � ©wl� d� ©�  �� Ty�A� ry� T�wm�� A 
�A� w� ¢�� �¡r� (6)
.Ah� ¨lfF d� ©�

(Largest and Smallest Elements) «rbk��¤ «r�O�� r}An`��
w¡ 
�w�� Hf� ¨�¤ ­rtfl� ¨lfF d� w¡ rfO��  � ^�®� , [0, 1] ­rtf�� @��n� :�A��
w¡ 
�w�� Hf� ¨�¤ ­rtf�� r}An� �� rOn� w¡ d��w��  � Am� ,­rtf�� r}An� �� rOn�

.Ah� ©wl� d�
.Ah� ¨mtn§ ¯ ¢nk� ­rtfl� ©wl� d� w¡ d��w��  � ^�®� , [0, 1[ ­rtf�� @��n� :�A��
¨� r�� �rOn� d�ns� a �ky�¤ ,­rtf�� r}An� �� rOn� ©� A�@�� w� An�� AS§� ^�®�¤

.Ah� ¨mtn§  � �km§ ¯ ­rtfl� ©wl� d� ©�  � ��Ð �� �tn� .a �� rb�� ­rtf��
Yms§ ©wl`�� d��� �@¡  �� , S Y�� ¨mtn§ S T�wm�ml� ©wl� d� �d�¤ �Ð� A� T�A� ¨�

. max S 
 ¢� z�r§¤ S ¨� rb�±� rOn`��
� 
�w�� Hf� ¨� ¨mtn§ S T�wm�ml� ¨lfF d� ¢��� r�}±� rOn`�� �§r`� �km§ ��m�A�

. min S 
 ¢� z�r§¤ , S
 w� �k� .rb�� rOn� Ah� Hy� Yl�� �� ­ ¤d�� ry� T�wm�� ©�  � �R�w�� ��
�� .(¨�A��� �A�m�� ¨� Am�) rb�±� rOn`��  w�¤ �mS§ ¯ Yl�� �� ­ ¤d�� T�wm�m��
rOn`l� Tbsn�A� �A��� ��@� .dy�¤ wh� - d�¤  � - rb�±� rOn`��  � AS§� �R�w��

.r�}±�
:�§CAm�

:Ty�µ� �A�wm�m�� �� �k� (Amhn� ©� d�¤  �) rb�±�¤ r�}±� rOn`�� d�¤� (1)

Z ∩ [−
√

10, +∞[, {x ∈ R | x2 + 2x− 3 ≤ 0 }, {x ∈ R | x +
1

x
≥ 3}.


�A� �Ð� Xq�¤ �Ð�  A§¤Ast§ T�wm�� ©± rb�±� rOn`��¤ r�}±� rOn`��  � �¡r� (2)
.d��¤ rOn� �� T�wk� T�wm�m��

The Completeness Property �Amt�¯� Ty}A� .7
Ty}A� Ahyl� �lW� ¨t�� ¨¡¤ �d� T�A¡ «r�� Ty}A�� Tyqyq���  �d�±� T�wm�� �tmt�

. �d�±� X� Yl� 
wq� ¤� �A��r�  w�¤ �d� �� A� �kK� Ty}A��� £@¡ rb`�¤ ,�Amt�¯�
�� ­ ¤d�� ¤ Ty�A� ry� Ty¶z� T�wm�� A�@�� w� An�� TVAsb� Ty}A��� £@¡ �wq�
­CAb`� .T§wl`��  ¤d��� ¨�A� �� r�}� T�wm�m�� £@h� ©wl� d� �An¡  �� , R �� S Yl��
rOn� Ah�  wk§ Yl�� �� ­ ¤d�� ¤ Ty�A� ry� T�wm�m� T§wl`��  ¤d��� T�wm��  � «r��
sup S  � �Aq§¤ l.u.b. S ¤� sup S 
 ¢� z�r§ S T�wm�ml� r�}±� ©wl`�� d��� �@¡ .r�}�
Ty�A� ry� T�wm�m� Tylfs��  ¤d��� T�wm�� :��m�A� .S T�wm�ml� ©wl� d� r�}� w¡
inf S 
 S T�wm�ml� ¨lfF d� rb�± z�r§¤ .rb�� rOn� Ah�  wk§ �fF� �� ­ ¤d��¤

. g.l.b. S ¤�
.rfO�� w¡ ¨lfF d� rb��¤ d��w�� w¡ ©wl� d� r�}� Ah� [0, 1[= S T�wm�m�� :�A��
Hy� �k� ,Ah� ¨lfF d� rb�� AS§� w¡¤ rfO�� w¡ r�}� rOn� Ah� N T�wm�m�� :�A��

.(?�ÐAm�) ©wl� d� r�}� Ah�
r�}� ¨¡ −∞  �¤ Ty�A��� T�wm�ml� ¨lfF d� rb�� ¨¡ +∞  � Yl� �ftnF :�Af��

.Ty�A��� T�wm�ml� ©wl� d�
��mm�� Yn�nm��  � �yb� ¨t�� Ty�At�� T§r\n�� r�@� �Amt�¯� Ty}A� �¶At� �¡� ��
 ¤ ¢mFC Annkm§ An�� ¤� �wW� ®� ¢�± Yn`m� �Ot� Yn�n�  wk§ ­rt� Yl� TlOt� T��d�

.T�Cw�� Yl� �� �lq�� �F ��r�  �


�A� �Ð� ,I ­rtf�� Yl� TlOt� T�� f : I −→ R �kt� :TWyFw�� �yq�� T§r\�

 � ©�) f(a), f(b) �y� TWyF¤ λ Tmy� ©± ¢��� ,f(a) < f(b) �y�� [a, b] ⊂ I

.f(c) = λ �y�� c ∈]a, b[ d�w§ (f(a) < λ < f(b)
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�kt� - A¡r�
A = {x ∈ [a, b] | f(y) > λ ∀y ∈ [x, b] }

¨�At�A�¤ ,x ∈ A ©± a < x  �� ¨�At�A�¤ a /∈ A  � �l`� Am� ,A 6= ∅  �� ¨�At�A�¤ b ∈ A  � �l`�
�y�� c ∈ [a, b]  w�¤ �mS� �Amt�¯� Ty}A� �� .�fF� �� ­ ¤d�� A  ��

c = inf A

¤� λ �� ���  wk�  � A�� f(c) Tmy�  Ð� ,f(c) 6= λ  � ¾¯d� |rfn� :f(c) = λ  �  µ� �¡rbnF
 � ^�®�¤ ε = λ−f(c)

2 @��� :f(c) < λ Y�¤±� T�A��� .λ �� rb��

| t− f(c) | < ε =⇒ t < λ

| f(y)− f(c) | < ε  wk§ c−δ < y < c+δ : y ©± �y�� δ d�w§ ¢��� c dn� f T��d�� �AO�� ��
 � �km§¯ c < y < c + δ : y ©± ¢��� ¨�At�A�¤ ,y /∈ A  � ¨n`§ �@¡ �k� .f(y) < λ  �� ¨�At�A�¤

.c = inf A  � {�An§ Am� y ∈ A  wk�
 � ^�®�¤ ε = f(c)−λ

2 @��� :f(c) > λ Ty�A��� T�A���

| t− f(c) | < ε =⇒ t > λ

| f(y)− f(c) | < ε  wk§ c−δ < y < c+δ : y ©± �y�� δ d�w§ ¢��� c dn� f T��d�� �AO�� ��
y ∈ A  wk§ c− δ < y < c : y ©± ¢��� ¨�At�A�¤ ,y ∈ A  � ¨n`§ �@¡ �k� .f(y) > λ  �� ¨�At�A�¤

.c = inf A  � {�An§ Am�
.f(c) = λ  � �tnts� ��Ð ��¤ ,{�Ant� �O� �yt�A��� Atl� ¨�  Ð�

:�§CAm�
©wl� d� r�}�  wk§ rOn`�� �@¡  �� rb�� �rOn� S T�wm�ml�  A� �Ð� ¢�� 
b�� (1)

.S �
rOn`��¤ ¨lfF d� rb��¤ ©wl� d� r�}� �� ���� ��rtf�� ��w�� �� �w� �k� (2)

.(�hn� ©� d�¤  �) rb�±� rOn`��¤ r�}±�
�y�� x0 ∈ [0, 1] d�w§ ¢�� �¡r� .T§d§�z� T�� f : [0, 1] −→ [0, 1] �kt� (3)

.f(x0) = x0
�¡ .f(1) < 2 < f(2)  �¤ Q ∩ [1, 2] Yl� TlOt� T�� f(x) = x2 T��d��  � �¡r� (4)

?f(c) = 2 �y�� c ∈ Q ∩ [1, 2] d�w§
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�¤±� 
Ab��

�A`�Attm��

Ah�A§Ah�¤ Ty�CAqt�� �A`�Attm�� 1.1

wm� TF�C ®��  At`m�� �� , �A`�Attm� Ahly�m� �km§ TyRA§r��¤ Ty`ybW�� r¡�w\�� �� d§d`��
 d`� �¤±� �y��� rZAn� An�� ©� ,Tb�A`tm�� �Ay�±� ¨� A§®���  d� TF�Cd� Tqy�d�� �A§rWf��
�k� ¨W`� T�� �r`� ��@� .�@k¡¤ ... �y��� �@¡ A§®�  d`� ¨�A��� �y���¤ A§®��� �� �y`�

.rZAnm�� A§®���  d� (�y��� 	y�r�) ¨`ybV  d�
£CAbt�A� Ty�Am�� ��C¤±� T}Cw� ¨� A� �hF r`F ¨� ry�t�� TF�C �km§ AS§�  AOt�¯� ¨�
r`F @��n� , ¾A`Wqt� ¾�ry�t� £CAbt�A� T�A��� £@¡ ¨� ��z�� ��m� A� ­ A� Annk� ,��z�� ¨� T�� 
¨W`� R Y�� N �� T�� Yl� AS§� An¡ �O�� ,(¨��w��� ¤�) �¶A�d�� �� �y`�  d� �� �hs��

.n ��C xAyq�� ­r� dn� x(n) �hs�� r`F

Ty`ybW��  �d�±� T�wm�� Ah�AW� x : N −→ AT�� ¨¡ T`�Attm�� :�§r`� - 1-1.1
.A T�wm�� ©�  wk§  � �km§ 	�AOm�� Ah�AW�¤

,x(n) �� ¯d� n dn� T��d�� Tmy� Yl� T�¯dl� xn 	tk�  �  At`m�� ��
.Ahl� T`�Attm�� �y�mt� (xn)n∈N	tk� Am� ,T`�Attm�� �� n ��C d��� xn Yms§¤

An§d�  � �wq� An��� R Tyqyq���  �d�±� T�wm�� w¡ 	�AOm�� �AWn��  wk§ A�dn�
 � �wq� An��� R3 ¤� R2 w¡ 	�AOm�� �AWn��  wk§ A�dn�¤ ,Tyqyq���  �d�±� �� T`�Att�
C w¡ 	�AOm�� �AWn��  A� �Ð� ��@� ,¨�®��� ��rf�� ¤� «wtsm�� ªAq� �� T`�Att� An§d�

.Tb�rm��  �d�±� �� T`�Att� An§d�  � �wq� An���
Tyqyq���  �d�±� �A`�Att� 
CAq�

Xq� ¢� Hy� N �AWn��  � ^�®� ,Tyqyq���  �d�±� �� (xn)n∈N T`�Att� An§d� �kt�
.+∞ dn� «wF T`�Attm�� T§Ah� TF�C �km§ ¯ ¨�At�A� , +∞ �d� ���r�

Ah�  A� �Ð� Ty�CAq� (xn)n∈N Tyqyq���  �d�±� T`�Att�  � �Aq§ :�§r`� - 2-1.1
: A� �Ð� ©� ,Tyqyq� T§Ah�

lim
n→+∞

xn = ` ∈ R

:Tl��� - 3-1.1

 � d��  ¤d��� {`� T�r�t� , xn =
1

n
�kt� (1)

n 1 2 · · · 10 · · · 100 · · · 106

xn 1 0.5 · · · 0.1 · · · 0.01 · · · 0.000001

�� , YW`� ε > 0 �ky� :��wt�� �@¡ T�} 
b�nF .limn→∞ xn = 0  � ��wt� �@¡ Anl`�§
 � d�� ¨�At�A�¤ , n0ε > 1 �y�� n0 ∈ N d�w§ T§dymJC±� Ty}A���

n > n0 =⇒ nε > n0ε > 1 =⇒
∣∣∣∣
1

n
− 0

∣∣∣∣ < ε



.rfO�� ©¤As� T`�Attm�� T§Ah�  � �@¡ 
b�§

ε > 0 @��� ��Ð �Ab�³ .limn→∞ xn = 0  � ��wt�  � AS§� An¡ �hs�� �� , xn = 2−n �kt� (2)

^�¯) n0 = [− ln ε

ln 2
] + 1 �S�¤ ,(�hF�  A¡rb�A� A�y�} �@¡ �k§ �� w�) ε < 1  � |rfnF¤

: � �tn§ ,(	�AF ln ε  �

n > n0 =⇒ n > − ln ε

ln 2
=⇒ −n ln 2 < ln ε =⇒ 2−n < ε =⇒ |xn − 0 | < ε

.0 Y�� 
CAqt� ­AW`m�� T`�Attm��  � 
b�§ A� w¡¤

 � d��  ¤d��� {`� T�r�t� , xn = 2n �kt� (3)
n 1 2 · · · 10 · · · 100 · · · 106

xn �A�A�  d� 1 1 · · · 4 · · · 30 · · · ≈ 301030

L > 0 �ky� :��Ð �Ab�³ . T§d�Ab� (xn)n∈N  � ©� limn→∞ xn = +∞  �  Ð� ��wt�

 � d�n� n0 = [
ln L

ln 2
] + 1 �S� ,YW`�

n > n0 =⇒ n >
ln L

ln 2
=⇒ 2n > L

.
wlWm�� 
b�§ A� w¡¤

Amny� n  � z� A�dn�  ¤d�  ¤ d§�zt§ �Aqm��  � �R�w�� �� , r > 0 �y� xn = 1/nr �kt� (4)
CAt�� , YW`� ε > 0 �ky� :��Ð �Ab�³ .limn→∞ xn = 0  � ��wt� ¨�At�A�¤ , 
�A� Xsb��

d�n� n0 = [ε−1/r] + 1

n > n0 =⇒ n > ε−1/r

=⇒ nr >
1

ε
=⇒ 1

nr
< ε.

.An`�w� 
b�§A� w¡¤

T§r\n�� �Rw� Am� Ty�CAq� Ah`ym�¤ �A`�Attm�� ��w�� Xs�� ¨¡ Tt�A��� �A`�Attm��
:Ty�At��

.c ¨¡ Aht§Ah�¤ Ty�CAq�  wk� xn = c ∈ R Tt�A� T`�Att� ©� :T§r\� - 4-1.1

.Aht�whs� T§r\n�� £@h� ¾A�A¡r� ¨W`� ��
Ty�CAqt�� �A`�Attm��¤ �A§Ahn�� rb�

��¤d�� �� A¡ry�� -  �d�±� �A`�Att� Yl� ­ At`m�� T§rb��� �Aylm`�� º�r�� �kmm�� ��
�}A�¤ �wm�m�� �§r`� �km§ Tyqyq���  �d�±� �� (yn)n∈N ¤ (xn)n∈N �yt`�Att� ©°� -

:¨l§ Am� Tmsq�� �CA�¤ 
rS��

(xn)n∈N + (yn)n∈N = (xn + yn)n∈N

(xn)n∈N . (yn)n∈N = (xn yn)n∈N

0 6= yn ªrK� (xn)n∈N/(yn)n∈N = (
xn

yn
)n∈N
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: �d�±� �� T`�Att� ¨� t ¨qyq�  d� 
rR ��A� �§r`� �km§ Am�

t (xn)n∈N = (txn)n∈N

.
CAqt�� �whf�¤ T§rb��� �Aylm`�� £@¡ �y� T�®`�� Ty�At�� T§r\n�� ¨W`�¤

 At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� :Ty�CAqt�� �A`�Attm�� rb� :T§r\� - 5-1.1

�ky�¤ .¨qyq�  d� t �ky�¤ ,(Tb�rm�� ¤�) Tyqyq���  �d�±� ��  Aty�CAq�
: �� ,limn→∞ yn = `2 ¤ limn→∞ xn = `1

.limn→∞ xn + yn = `1 + `2 ¤ Ty�CAq� (xn)n∈N + (yn)n∈N (1)

.limn→∞ xnyn = `1 . `2 ¤ Ty�CAq� (xn)n∈N . (yn)n∈N (2)

.limn→∞
xn

yn
=

`1

`2
¤ Ty�CAq� (xn)n∈N/(yn)n∈N  �� `2 6= 0 
�A� �Ð� (3)

.limn→∞ txn = t`1 ¤ Ty�CAq� t (xn)n∈N (4)

 Aqq�� (yn)n∈N ¤ (xn)n∈N  � |rf� .º§CAql� �§rmt� (4) ¤ (2) �rt�¤ (3) ¤ (1) 
b�nF - A¡r�
�y�� n1(ε), n2(ε) d�w§ ε > 0 ©±  Ð� ,T§r\n�� ª¤rJ

n > n1 =⇒ | xn − `1 | < ε n > n2 =⇒ | yn − `2 | < ε

 � d�n� n0 = max(n1(ε/2), n2(ε/2)) @��� YW`� ε > 0 ©± (1)

n > n0 =⇒ | xn − `1 | < ε/2 | yn − `2 | < ε/2
=⇒ | xn − `1 |+ | yn − `2 | < ε
=⇒ | (xn + yn)− (`1 + `2) | < ε

.limn→∞ xn + yn = `1 + `2  � ©�

n3 = n2(| `2 | /2) @���¤ , `2 6= 0  � |rf� (3)

n > n3 =⇒ | yn | ≥ | `2 | − | `2 − yn | > | `2 | − | `2 | /2 = | `2 | /2

CAt�� ��

n0 = max(n3, n1(| `2 | ε/4), n2(| `2 |2 ε/4(| `1 |+ 1))

9



 � d�� CAyt�¯� �@h�

n > n1(| `2 | ε/4) =⇒ 2 |xn − `1 | / | `2 | < ε/2,

n > n2(| `2 |2 ε/4(| `1 |+ 1)) =⇒ 2 | `1 | | yn − `2 | / | `2 |2 < ε/2
¨�At�A�¤

n > n0 =⇒
∣∣∣∣
xn

yn
− `1

`2

∣∣∣∣ =

∣∣∣∣
xn`2 − yn`1

yn`2

∣∣∣∣

≤ |xn`2 − yn`1 |
| `2 |2 /2

: n3 < n  � �y�¤

≤ |xn`2 − `2`1 + `2`1 − yn`1 |
| `2 |2 /2

≤ | `2 | |xn − `1 |+ | `1 | | `2 − yn |
| `2 |2 /2

≤ 2 | xn − `1 |
| `2 | +

2 | `1 | | yn − `2 |
| `2 |2

< ε/2 + ε/2 = ε

:Tl��� - 6-1.1

:­CwO�� Yl� T`�Attml� �A`�� d��� T�At� dy`� .xn =
2n + 1

n− 3
:T`�Attm�� 
CAq� xCd� (1)

xn =
2 + 1

n

1− 3
n

�� limn→∞ 2 + 1
n = 2 + 0 = 2 : � d�n� ,­d� Yl� �Aqm��¤ Xsb�� �� �� T§Ah� d�w�

T§Ah�  � ^�®� .Ty}A��� Hf� �� limn→∞ 1 − 3
n = 1 − 3.0 = 1 ¤ �A§Ahn�� �m� Ty}A�

 �� ¨�At�A�¤ rfO�� ©¤As� ¯ �Aqm��

lim
n→∞

xn =
2

1
= 2

 � ©� , t T�Cd�� ��  ¤d� ­ry�� p(n) �y� xn = p(n)/nt �kt� (2)

p(n)n = a0 + a1n + · · ·+ atn
t, a0, · · · , at ∈ R, at 6= 0, t ∈ Z+

 wk� ¨�At�A�¤
xn =

a0

nt
+

a1

nt−1 + · · ·+ at−1

n
+ at

�A§Ahn�� rb� ��d�tFA� ¨�At�A�¤ a ∈ R, r > 0 ©± limn→∞ a/nr = 0  � �l`� ��AF �A�� ��
.limn→∞ xn = at  wky� ,ry�±� d��� �d� A� rfOl� �¤¥� xn ¨�  ¤d��� �ym�  � Yl� �O��

 wk� ¨�At�A�¤� , t T�Cd�� ��  ¤d� ­ry�� p(n) �y� xn = p(n)/nt−1 �kt� (3)

xn =
a0

nt−1 +
a1

nt−2 + · · ·+ at−1 + atn
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 �  µ� |rfn� , at−1 Y�� 
CAqt§ ry�±� d��� �d�  ¤d��� �� �wm��  � «r� ��As�� �A�m�� ��
| atn + at−1 − ` | > 1 Yl� �O�nF n > (`+1−at−1)/at @��b� ` ∈ R�ky�¤ at > 0

¨�At�A�¤
¨fk§ Am� ­ryb� (��Ð �¡r�). n  wk� A�dn� | xn − ` | > 1/2

 � 
b�§ A� w¡¤
.T§d�Ab� (xn)n∈N T`�Attm��  � ©� ,` ∈ R ©± limn→∞ xn 6= `

Xsb�� ¨� nt Yl� Tmsq�A� An��� , t T�Cd�� ��  ¤d� ­ry�� p(n) �y� xn = nt/p(n) 
�A� w� (4)
 �� , at 6= 0 ©¤As� �Aqm�� T§Ah�  � �y�¤ xn = 1/(p(n)/nt) Yl� �O�� �Aqm��¤

lim
n→∞

xn =
1

at

, deg(p) = t = deg(q) ©� , T�Cd�� Hf� ��  ¤d� ¨�ry�� p, q �y� xn =
p(n)

q(n)
�kt� (5)

:	tk�  � �km§

p(n) = a0 + · · ·+ atn
t, q(n) = b0 + · · ·+ btn

t

a0, b0, · · · , at, bt ∈ R, at, bt 6= 0, t ∈ Z+

Yl� �O�� nt Yl� �Aqm��¤ Xsb�� �� �� Tmsq�

lim
n→∞

xn = lim
n→∞

(p(n)/nt)

(q(n)/nt)
=

at

bt

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 7.1.1

Tyqyq���  �d�±� �� T`�Att� ©� (1)

�w�� Hf� ¨� T§d�Ab�¤ Ty�CAq�  wk� d�( ) T§d�Ab�  wk�  � d�¯( )
T§d�Ab� ¯¤ Ty�CAq� ¯  wk� ¯ d� ( ) Ty�CAq�  wk�  � d�¯( )

xn = n T`�Attm�� (2)
Ty�CAq� ( ) T§d�Ab� ( )
rfOl� �¤¥�( ) T§Ah�¯Aml� �¤¥�( )

 �� xn = sin(n) 
�A� �Ð� (3)
limn→∞ xn = 0 ( ) limn→∞ xn = +∞( )
­ w�w� ry� limn→∞ xn( ) limn→∞ xn = 1 ( )

(zn)n∈N  �� zn = xn + yn 
�A�¤ T§d�Ab� (yn)n∈N¤ Ty�CAq� (xn)n∈N 
�A� �Ð� (4)
Ty�CAq� ( ) T§d�Ab� ( )
rfOl� �¤¥�( ) T§Ah�¯Aml� �¤¥�( )

.�§CAm� 8.1.1

­rJAb� 
CAqt�� �§r`� ��d�tFA� Ty�At�� �A`�Attm�� �� �� 
CAq� xC � (1)

xn =
n + 1

n2 − n + 1
(�)

,a ∈ [0, 1[ ,xn = an (
)
,a ∈]− 1, 0[ ,xn = an (�)

,a > 1 ,xn = an ( )
,a ≤ −1 ,xn = an (£)

xn =
n

3n
(¤)
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�A`�� ��Ð ¨� �mq�� �V r`F  A�¤ ,2005 �A� �V  wyl� 21 �mq�� �� rO� �®htF�  A� (2)
¨¡ xn �kt� .�V  wyl� 18 �A`�� ��Ð ¨� �mq�� �� rO� �At��  A� Am� ,¨k§r�� C¯¤ 600

.2005 + n �A`�� ¨� �mq��  �rytF¯ T§wns�� Tflkt��

CA`F±�¤ 1.3% �d`m� d§z§ �®htF¯�  � |rf� (xn)n∈N �� Y�¤±� ­rK`��  ¤d��� d�¤� (�)
.¾A§wnF 4% �d`m� d§z�

CA`F±�¤ 1.3% �d`m� d§z§ �®htF¯�  � |rf� (xn)n∈N �� Y�¤±� ­rK`��  ¤d��� d�¤� (
)
.¾A§wnF 5% �d`m� d§z§ ¨l�m�� �At�³�¤ ¾4% �d`m� d§z�

|rf� 2020 �A� ¨� ¾Ay��Ð rO� ¨ftk� ¨k� ¨l�m�� �At�³� ¨� 
wlWm�� ­ A§z�� �d`� d�¤� (�)
.¾A§wnF 1.3% �d`m� d§z§ �®htF¯�  �

�y�� Tyqyq���  �d�±� ��  At`�Att� (xn)n∈N, (yn)n∈N �kt� (3)

lim
n→∞xn = lim

n→∞ yn = +∞

.limn→∞ xn . yn = +∞ ¤ limn→∞ xn + yn = +∞  � �¡r�
?limn→∞ xn / yn ¤ limn→∞ xn − yn �� �ÐA�

Ty�µ� �A`�Attm�� �� �� 
CAq� xC � (4)

,xn =
n2 − 5n + 1

3n2 − 7
(�)

,xn =
n3 − 5n + 1

3n2 − 7
(
)

,xn =
n + 2n

n− 2n
(�)

,xn =
√

n + 1−√n ( )
,xn = 1 + 1

2 + 1
4 + · · ·+ 1

2n (£)

,xn = a0 + · · ·+ an (¤)
,xn = 1

2 + 1
6 + · · ·+ 1

n(n+1) (E)

,xn =
ln n√

n
(�)

,xn =
n cos(nπ)
sin(1/n)

(ª)

,xn = 2n − en (©)

.Ty�CAq� (f(n))n T`�Attm�� �k� ­ w�w� ry� limx→+∞ f(x) �y�� f(x) T��d� ¯A�� X�� (5)

. ¤d� ¨�ry�� p, q �y� xn =
p(n)
q(n)

�A`�Attm�� 
CAq� xC � (6)

�A§Ahn�� T�CAq� 2.1

An�Amt¡� º�C¤ 	bs��¤ ,R ∪ {−∞, +∞} Yl� �dy� R z�r�� �d�AO�  ±� �� �d�tsnF
±∞ ©¤As� Aht§Ah� �k� d�Abt� ¨t�� �l� ¤� Ty�CAqt�� �A`�Attm��  � w¡ T�wm�m�� £@h�
T§Ah� Ah� Hy� ¨t�� �l� ©� Å­  rtm�A" �A`�Attm�� �� �lt�� Amny� �AfO�� {`� ¨� �ft�

.xn = (−1)n T`�Attm�� ��� �®V³� Yl�

 �d�±� ��  At`�Att� (xn)n∈N, (yn)n∈N �kt� :�A§Ahn�� T�CAq� T§r\� - 1-2.1
�k� xn ≤ yn 
�A� �Ð� .limn→∞ yn ∈ R ¤ limn→∞ xn ∈ R �y�� Tyqyq���

.limn→∞ xn ≤ limn→∞ yn  �� n ∈ N
�k� xn ≤ yn  � |rfn�¤ , limn→∞ yn = β ∈ R ¤ limn→∞ xn = α ∈ R �ky� - A¡r�

. n ∈ N
12



T§Ah�  �� Ant�r`� �� .β < b < a < α �y�� a, b ∈ R d��  � Annkm§ , β < α  � ¾¯d� |rfn�
:�y�� n1, n2 d�wy� β ¨¡ (yn)n∈N T§Ah�¤ α ¨¡ (xn)n∈N

n > n1 =⇒ xn > a, n > n2 =⇒ yn < b

�k� xn ≤ yn  �� |rf�� {�An§ A� w¡¤ max(n1, n2) > n ©± yn < xn  � �zlts§ �@¡ �k�
.n ∈ N

 �d�±����A`�Att��®� (xn)n∈N, (yn)n∈N�kt� ::(rO��� T§r\�) T�yt� - 2-2.1
�y�� Tyqyq���

xn ≤ zn ≤ yn ∀n ∈ N
.limn→∞ zn = α  �� limn→∞ xn = limn→∞ yn = α ∈ R
�A� �Ð�

 � d�� Tq�As�� T§r\n�� �� - A¡r�

lim
n→∞

zn ≤ lim
n→∞

yn = α, lim
n→∞

zn ≥ lim
n→∞

xn = α

.limn→∞ zn = α  �� ¨�At�A�¤
:Tl��� - 3-2.1

�§r`� ��d�tFA� Antb�� d�¤ 2n + n2 > 2n  ± , +∞ Y�� �¤¥� xn = 2n + n2 T`�Attm�� (1)
.limn→∞ 2n = +∞  � T§Ahn��

�� ��¤ xn = 1 ≤ zn ≤ yn = 1 + 1
n  ± , 1 Y�� �¤¥� zn =

en + n + 6

en + n + 5
T`�Attm�� (2)

.1 Y�� �¤¥� (xn)n∈N, (yn)n∈N

 �d�±� �� T`�Att� (xn)n∈N �kt� ::(­ ¤d�m�� �A`�Attm��) �§r`� - 4-2.1
|xn | ≤ M �y��M ¨qyq� d�d�¤ �Ð� ­ ¤d�� (xn)n∈N ��wq� ,Tyqyq���

.n ∈ N �k�
.(¹CAql� �§rm�) ­ ¤d�� ­C¤rS�A�  wk� Ty�CAq� T`�Att� ©�  � T\�®� �hs�� �� :T�A¡ T\�®� - 5-2.1

(xn)n∈N, (yn)n∈N 
�A� �Ð� :­ ¤d�� T`�Att� ¨� T§rf} T`�Att� 
rR :T�yt� - 6-2.1
T`�Att� (yn)n∈N ¤ limn→∞ xn = 0 �y�� Tyqyq���  �d�±� ��  At`�Att�

.limn→∞ xnyn = 0  �� , ­ ¤d��
 � �l`� �A§Ahn�� rb� �� �k� , 0 ≤ | xnyn | ≤ M |xn |  �� | yn | ≤ M �ky� - A¡r�

.limn→∞ | xnyn | = 0  � d�� rO��� T§r\� ��¤ . limn→∞M | xn | = 0

:Tl��� - 7-2.1

.rfOl� �¤¥� (1/n)n∈N ¤ ­ ¤d�� T`�Att� (−1)n  ± limn→∞(−1)n/n = 0 (1)

.rfOl� �¤¥� (1/n)n∈N ¤ ­ ¤d�� T`�Att� (sin n)n∈N  ± sin(n)/n → 0 (2)

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 8.2.1
:�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (1)

|xn | ≤ yn ∀n, lim
n→∞ yn = a ∈ R

 ��
T§d�Ab� (xn)n∈N ( ) a = 0 =⇒ limn→∞ xn = 0( )
a = +∞ =⇒ (xn)n∈N T§d�Ab� ( ) a = 1 =⇒ limn→∞ xn = 1( )
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:�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (2)

1 ≤ xn

yn
≤ 2− 1

yn
∀n ∈ N


�A� �Ð� Ty�CAq�  wk� (xn)n∈N  ��
Ty�CAq� (yn)n∈N ( ) T§d�Ab� (yn)n∈N ( )
d��wl� �¤¥� (yn)n∈N( ) T§Ah�¯Aml� �¤¥� (yn)n∈N( )

:�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (3)
∣∣∣∣
xn

yn

∣∣∣∣ ≤ M ∈ R ∀n ∈ N


�A� �Ð� Ty�CAq�  wk� (xn)n∈N  ��
Ty�CAq� (yn)n∈N ( ) T§d�Ab� (yn)n∈N ( )
rfOl� �¤¥� (yn)n∈N( ) ­ ¤d�� (yn)n∈N( )

.�§CAm� 9.2.1

Ty�At�� �A`�Attm�� �� �� T§Ah� d�¤� (1)

xn =
n!
nn

(�)

,xn =
3n − 2n

3n + 2n
(
)

,xn =
n− (−1)n

n + (−1)n
(�)

,a > 0 ,xn = a1/n ( )

,xn = n√n (£)

,xn = n
√

n3 (¤)
,xn = n

√
2 + (−1)n (E)

xn =
1
n3

n∑

k=1

k2 (�)

.xn =
n∑

k=0

1
Cn

k

T§Ah� d�¤� .n ≥ k ≥ 0 Cn
k =

n!
k! (n− k)!

�kt� (2)

:�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (3)
xn+1

xn
≤ yn+1

yn
∀n ∈ N

 � �¡r�

,limn→∞ yn = 0 =⇒ limn→∞ xn = 0 (�)
.limn→∞ xn = +∞ =⇒ limn→∞ yn = +∞ (
)

:�y�� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� (4)

lim
n→∞

xn+1

xn
= `

 � �¡r�

,` < 1 =⇒ limn→∞ xn = 0 (�)
.` > 1 =⇒ limn→∞ xn = +∞ (
)

:�y�� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� (5)

lim
n→∞

n
√
|xn | = `

 � �¡r�
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,` < 1 =⇒ limn→∞ xn = 0 (�)
.` > 1 =⇒ limn→∞ xn = +∞ (
)

:�y�� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� (6)

lim
n→∞

n
√
|xn | = `

 � �¡r�
lim

n→∞
xn+1

xn
= `
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